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Algebra 1

o roe

1.1 Matrices

1.2 Transformations
1.3 Mathematical Induction

1.4 Groups

Algebra provides concepts that are important to many
areas of computer science such as cryptography image
processing, machine learning, information retrieval and
web search.




Objectives

By the end of this section, the learner should be able to:
add, subtract and multlply matrices and recognise the terms
null (or zero) matrix and identity matrix (or unit matrix).
recall the meaning of the terms singular and non-singular as
applied to square matrices.
evaluate determinants and find inverses of non-singular 2x2 or
3x3 matrices.
use the result AB) ' = B"'A™ for non-singular matrices.
formulate a problem involving 2 linear simultaneous equations
in two unknowns or 3 equations in 3 unknowns, as a problem
involving the solution of a matrix equation.

A matrix is an ordered array of numbers in rows and columns. A matrix with equal number of
rows and columns is called a square matrix. The order of a matrix is specified as 7 X n where 7 is
the number of rows and n is the number of columns.

Addition and subtraction

Addition and subtraction is done by adding or subtracting corresponding entries of the matrices.

1 \
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c) ( 2% ) — < Z ) cannot be simplified because the entries do not correspond.

d)432—121+4—4_1 3—2 2—1+4_311+4 4
1-10) \32-6)"\4/ \1-3 -1-20—(-6)) \4) \-2 =3 6) " \4/°"
no further simplification is possible because the matrices that result do not have the

same number of rows and columns.

The transpose of a matrix A is written AT and it is the matrix that results when the rows

and columns of A are interchanged; row 1 to column 1, row 2 to column 2 and so on.
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5 —6 4 -4 -3 4

The following shows how the entries of adja) are obtained.

—7 =1 i -5 17 4\ [ -5 2 5
L A= 4 0-3 adj(A)=| 2 -7 =3] =(-17 -7 -6

For row 1 of A with entries —2 —1 1 gives column 1 of adj(A) as follows:
the cofactor of —2 is +‘ _? _g ‘ = (0—5 =—>5 which is the first entry of adj(A)

the cofactor of —1 is —hl _g | =—(12—(=5))=—17 and

the cofactor of 11is +hl _(1) ‘ =—4—-0=—14
= column 1 has entries =5 —17 —4in adj(A) as given above.

For row 2 of A with entries 4 0 —5 we have column 2 of adj(A) as follows:

the cofactor of 4 as —|:% :13|:—(—3 +1)=2
the cofactor of 0 as +|_% zl))|=—6— 1=—7
2
1

the cofactor of —5 as —‘ - :% ‘ =—(2+1)=—3
= column 2 of adj(A) has entries 2 —7 —3
For row 3 of A with entries 1 —1 3 we get column 3 of adja) as follows:

the cofactor of 1 as +‘ _é _% ‘: 5—0=5

the cofactor of —1 as —‘ _Z _ ‘ =—(10—4)=-6

Q11—

the cofactor of 3 as + _Z _%) ‘= 0—(—4)=4

= column 3 of adj(A) has entries 5 —6 4

-2 -1 1\( -5 2 5 23 0 0
Hence AXadj(A)=( 4 0 —5|[-17 =7 =6]={0 23 0
1 -1 3/\ 14 -3 4 0 0 23
100
=231 0 1 0 |=23l and det(A)=23
001
1 -5 2 b
A'=55| —17 =7 —6
2\ 4 -3 4
g




Alternatively one can find the cofactors of BT' and then form the adjoin of B.

\_ J

Simultaneous equations

Any system of simultaneous equations can be expressed in matrix form and conversely any matrix
equation can be expressed in terms of simultaneous equations associated with it.

Simultaneous equations with 2 unknowns of the forms ax + by = m, cx +dy = n can be expressed
in matrix form as < CCL 2 >< ‘; ) = ( ZLL ) by taking the coefficients of x and y in their order. Solution
of the equations can be achieved by pre-multiplying the matrix equation by the inverse of < CCL 2 )

4 1 d —b
which is ad—bc(—c a )

Simultaneous equations in 3 unknowns x,y and z in the forms:
amxtbytcez=p awrtbhytoz=q, aaxtbytcz=r
a b o X p
can be writtenas | @ b, ¢ || ¥ |=| ¢
as by cs z r a b o
The matrix equation is solved by pre-multiplying with the inverse of | a2 b, ¢: | therefore

as by s
x a b o P
Yy l=|(a b c q
z as by ¢ J\ r




-5 2 5\/—-2 -1 1 23 0 0
adj(B)xB=( —17 —7 —6 4 0 =5 |=|10 23 0 |=23I
1 -1 3

-4 -3 4 0 0 23
1 -5 2 5
Det(B)=23andB’1=§ —17 =7 —6
-4 -3 4
x 1 -5 2 5\[—46 -5 2 5\/—2 17
Therefore | ¥ =93 —17 =7 —6 23 |=| —17 =7 —6 1]=121
z -4 -3 4 23 -4 -3 4 1 9

Notice that 23 was factored out before the multiplication.

\_ J

Note: The three simultaneouys equations can be regarded as cartesian equations of three planes.
The solution of the three equations give a point of intersection of three planes. [Refer to topic on
Vectors]

Exercise 1.1

1. Simplify.
o () »GoadE 9 GO-EE)

2. TFind the values of z and/or ¥ if:

a) (f?c)issingular b) (—12§>(21x éyy>=<z(} 18y>
c) 25; =3y d) :1)) gf (1)) is singular.
5 2+1 =z
3. Find the inverses of the following matrices.

67 40 —83 11 —4

3 (86 b (53] 9 (F3) D (53
141 12 2 01 1 1 2 1

e)(310 f)(411 e | 73 -3 h)(314)
51 2 6 05 -1 4 6 1 -1 —2

4. Find the values of x and y that satisfy the equations.

) 6r+7y=4 b) —8xr+ 3y =10
&) Br+9y=6 —Tr+2y=1
11z —4y =— dr—y =2

) 5p—9y=0 d) 3, 9y=—1
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Solve the equations
x+2y=0 20 —y="7 r+32z=1 z—2x—y=—46
a) 3yt 4y =4 b) sp43y=1 © %tytaz=0 Y 4z-5.=93
......................................... L+2y+hz=l...... .3y =23.....

a) In matrix form the equations become (:13 Z > > < >

)

det =4—6 =— 2 and the inverse is

:@):—_%(—;f ?)( ) 2(

b) The matrix equation is ( _

BNHRE

¥
2)

) ) 1
> and the inverse is 6—5 (

> (

[$2 NON)
DO —

[S) N \V)
I
(GON
~—
—
SIS
~ —
—
|
~ —
Il
—
(@) JOV)
DO —
~—

103\ =z x
c) The matrix equationis [ 2 1 4 || ¥y |= =Aly
1 25/\z2 z
1 21
We can transpose A first: AT = g 111 % then find the matrix of cofactors of AT

00
6 0
06
1 =3 B =3
Hence det(A) 6andA1=€ -6 2 2
3 =2 1
0
T 1 -3 6 —3\/1 1 0 4
therefore the solution is | ¥ =% -6 2 2|0 =6 -8 |= 3
7 3 =2 1/\1 2 %




Geometry and
Vectors

Vectors are used in Structural Engineering. They are
used to calculate the forces and moments that are
acting on a structure to make sure that these are not
bigger than what the structure can withstand.




Objectives

By the end of this section, the learner should be able to:
e find and use the Cartesian equation of a line in 3D
e find and use cross product of given vectors to find area of plane shapes.
* find and use vector, Cartesian and parametric equations of a plane
e find and use the angle between lines, between line and plane and
between two planes.
determine whether lines are parallel, skew or intersecting,

find the perpendicular distance of a point from a line or plane, or
distance of a line from a plane, or distance between parallel lines or
parallel planes.

determine whether a line lies in, is parallel to, or intersects a plane and
find the angle of intersection where necessary

find the point of intersection of a line and plane

find the equation of the line of intersection of two planes.

Vector Presentation

There are basically two ways of representing vectors:-

X

Y
%

on whether its two or three dimensions.

a) The column format ( ) in which the entries can be two or three; as in the example depending

b) The ik format. Two dimensional vectors need only ¢ and j. While three dimensional

2
vectors use the three. For example v =2¢+ 35 — 8k = ( g )

In two dimensions ¢ = ( (1) ) and j = ((1) )

1 0 0
In three dimensions 2=( 0 Jj=|1 |[k=( 0
0 0 1
1,7 and k are unit vectors and are called basis vectors, that is, vectors in terms of which any

other vector can be expressed.

Magnitude of a vector e
In 3-Dimensions the magnitude of a vector ( Y ) =1zt +yj +zkis given by 2’ + 1y + z'
z

x)is given by |v| =z’ + ¢

In 2-Dimensions the magnitude of a vector v = < y




A unit vector is any vector with magnitude 1.

The Scalar Product of vectors
The scalar product of two vectors v and w is written v.w and calculated as shown below.

1 5

If v=<—2) and w(()) then v.w=1X5+(—2)X0+4X6=5—-0+24=29
4 6

a) When vectors v and w are perpendicular their dot product is zero, v.w = 0.

Conversely when their dot product is zero the two vectors are perpendicular.

b) Given that the position vectors of the points A and B are respectively a and b the midpoint
M of the line AB has position vector %(a +b)=OM

c) The cosine formula for the angle between two vectors @ = AB and b = CB
a.b=|a|b|cosb where @ is the angle between vectors a and b.
It is very important to note that when considering the directions of vectors AB and CB:-
directions of both AB and CB must converge to their point of intersection B.

or directions of both AB and CB must diverge from their point of intersection B.

Both diverge from the point B Both converge to the point B

This will ensure the correct angle between AB and CB is obtained instead of (180° —8) or its
supplement.

The Cartesian frame of reference

Vectors in 3 dimensions can be represented on basic solid shapes using the sides of the solid
shapes like cuboids, cubes, prisms, pyramids, etc. One can set the origin at any of the vertices or
even on a side or edge of the solid shape as shown in the following diagrams.




triangular prism

In the cuboid the origin is set at the left hand vertex. In the triangular pyramid, the origin is set
at the left hand vertex. In the square pyramid, the origin is set at the centre of the square base.

The angles and sides in any problem involving the shape will be found by considering the
distances measured parallel to the given axes as the coordinates. For example, the coordinates

of point C on the square base of the square pyramid can be (2,2,0) if the square base has sides 4
2

units. The position vector of C is thus OC = ( 2 ) = 2¢ + 2y . If the height of the pyramid is 6 units
0

0
the position vector of E will be OE = ( 0 ), and M, the midpoint of CE, will have position vector
6

AT

0
A point with position vector ( 0 ) will be 3 units vertically below the centre of the base of the
pyramid. =3

Line Vectors
The equations of a line
The equation of a line can be expressed in vector form, Cartesian form or parametric form.

The vector equation of a line passing through two points with position vectors a and b can be
written as 7 =a+ A(b—a) . The line is parallel to the direction of b — a.

The vector equation of a line through a point with position vector a and parallel to a direction of
vector m is written r =a + Am .

The parametric forms of the equation of a line are:

r=xta y=y+b z=z+c

The Cartesian form of the equation of a line is = ;xl =Y _b h_z ; A=)
2

A line parallel to the vector b= ( 1 ) and passing through the point A(2, —1, 3) has equation
1




Calculus: Ordinar < 4
Differential Equations

Economists use Calculus to model various functions in
the marketplace. The supply and demand graph is an
example of such an economic model. Calculus is applied
to original supply and demand models to determine

how different factors will shift the lines representing
supply or demand in the economy.




Objectives

By the end of this section the learner should be able to:
formulate simple statements involving a rate of change as a differential
equation, including the introduction of a constant of proportionality,
find by integration a general form of solution for a differential equation

in which the variables are separable,

represent the general solution of a differential equation by means of a
graphical sketch,

use an initial condition to find a particular solution of the differential
equation.

A differential equation is an equation in which two or more variables are connected in a relationship
involving a derivative. In this chapter, we will restrict to equations involving the first derivative
only.

Solving First Order Differential Equations

There are two types of problems to be solved by separating variables according to syllabus
requirements:
dy

a) those given as algebraic expressions involving derivatives for example; z° d

x:y—l—l.

b) those given in words and require formulation of the algebraic expressions.

The learners are expected to formulate differential equations from given statements concerning
rates of change. A decreasing rate of change is usually indicated by a negative sign. Rates of
change are given as proportional to some variable in the problem being solved. The reader needs
to recall the concept of proportionality.

Separating variables requires that the variables in the equation be algebraically manipulated

to a form in which each side of the equation has only one variable. The variables z and y in the
, dy

example z° dr -yt 1 can be separated by dividing both sides by z° and by y+1 and then

d 2
integrating both sides of the resulting equation i 1 dg L with respect to x as follows:

¢ dy
y}rl dg dr = fl dz. The right—hand side differential operator -7 - Yo will algebraically

simplify to dy and one can then integrate the function in y on the right hand side with respect to y.

y}_ldy f dr = In(y+ 1)——L+c

The integral In(y+1) :_% + ¢ is a general solution of the differential equation.




Initial conditions or other conditions on the variables will be given in most differential equations
and these must be substituted in the general solution to obtain a particular solution of the
differential equation where a numerical value of the constant ¢ is found.

\
Solve the differential equations
d_y — 1’_2 — 1,2 d_y _ 1=
a) dr — Y b) 117 =1 Yy c) i Y
dy _ z° : o . . :
a) Ve The variables are separated by cross-multiplying y and integrating with respect
to z:
d
y%y =r'=> fydy = fﬁdx
2 3
d
b) xﬂy =1—9
Divide by z and divide by 1 —4* to separate variables:
1 dy _ L 1 dy _ 1
I~y dz which factorises to 1—y)1+y) dr =

1 . . . . '
Express -1 +y) in partial fractions using cover-up method:

1 _ 1 1( )
A-y)i+y) A-y)d+1) 1- (11+y -y "

The differential equation becomes % <1L + 11Ty>% =

Integrating with respect to x we have

ZU( 1+y) ] [t

= L~ -y)+ I +y)]=Inz+Inc

Applying laws of logarithms we have:

1 1+y>]_ (1+y)_ B , )
=>2[ln<1_y =Incz=In =y =2Ilncz =In(cz) = In(az?)

where the constant a replaces constant ¢’




Exponentiating gives el

— In(az?)

€

2

. . e 1+y
and the solution simplifies to =y @
Making y the subject of the formula we express y in terms of z:
1+ty=(01—y)ar’ = ar’ —yar’ = y +yaxr’ = ax’ — 1

sy(l+ar’)=ar’—1

o ar—1
The solution is y = 1+ a2’
dy 1-uz . . . . .
c) dr =~y solved by separating variables and integrating.

Variables are separated by multiplication by y so that there is no term in y on the right
hand side.

d — d
y%y = 1Txy becomes yﬂy =1—=x

Integrating with respect to x we have;

fy%def(l —z)dz =>fydy =f(1 —z)dz

2

2
% =r— ‘% +c¢ is the general solution of the equation.

\ J
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~

Traders who use the Whatsapp social media for advertising their wares claim that the rate
of spread of their advertisements is proportional to the sum of the number of people aware
of the advertisement, x, and the size of the Whatsapp group, g, at the time of first advertising
by a member of the group.

a) Expressz, ¢ and time ¢ in a differential equation.

b) Solve the differential equation in the case where g people are aware of an advertisement
at time ¢t = 0. For what values of the constant of proportionality is the solution valid?

c) Sketch the graph of x against ¢.

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

a) The proportionality statement says that % xxr+g

The differential equation is % =k(z+g) where k is the constant of proportionality.
\ J




The size of the group, g, is also a constant.
b) Variables are separated by dividing by z+g:
1 dr _ 1 dv , _ _
rig gt =k= ] g ardt=kdt=m@+g)=ht+c

Exponentiation yields ¢ = ¢"**

€

kt+c —

szrtg=ce e'te’ = Ae"t where A = ¢ after applying the first law of indices.
Substituting the initial conditions: z =g, t =0 we have g+ g = A¢*(0)
=20=A"=A(1)=A

=z +g=2ge"

= the particular solution is z = 2¢ge” —¢

The solution is valid for positive values of k since the case describes an increase in the

number of people aware of an advertisement.

The graph indicates exponential growth in awareness of the advertisement.

\_ J
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~

Maize is being lost due to infestation by weevils from a poorly constructed storage tank. The
weekly reduction in mass of maize is proportional to the factor m —5 where m, measured in

tonnes, is the mass of maize at the end of ¢ weeks.
a) Form a differential equation connecting m, ¢ and a constant.

b) Solve the differential equation expressing m in terms of ¢ given that the tank was initially
filled with 100 tonnes of maize.

c) Sketch a graph of mass against time for this situation.

a) The weekly reduction is actually a rate of reduction in mass and dd_? am—2>

The differential equation is %;L =—k(m—75)
\_ J




4 )

b) The negative constant indicates a reduction in the mass of maize. The reader may note
that the solution can still be established without the negative sign on k£ by choosing the
value of k less than zero, that is, £ < 0, which represents a reduction in value.

: : .1 _dm __
Separating variables we have: m—5 di — k

Integrating with respect to ¢ we have: fﬁdm = f—kdt =In(m—5)=—kt+c

In(m—5) = e—kt+c = m— 5 = e—kH—c = e—ktec

Exponentiating gives : e
= m—5=Ae™ where the constant A replaces the constant e

Initially, that is, at time ¢ = 0, the tank had m =100 tonnes and substituting these initial
conditions into the general solution gives

100—5=Ac™=Ae’ = A(1)=A=A=95

The particular solution is m = 5 + 95¢ ™

c) The graph of m =5+ 95¢™ shown below indicates that mass starts at 100 and decays

exponentially with time.

This is called exponential decay.

The graph has an asymptote at m = 5 because 5+ 95¢™ approaches 5 + 0 when ¢
approaches infinity, that is, m = 5 at infinity. The minimum mass is 5 tonnes.

\ J

Exercise 4.1

Solve the differential equations

1. e’t% =/s given that s= % when ¢ = 0. Sketch the graph of s against .

L d
2. e””% =2, given that y =0 when z = 0.




d
3. xtanyfdi =x+1
dy 2—y . . .
4. dr — 9=z - Express y in terms of x. Describe the graph of y against x.

dy y+1 . .
5. gy = ,2_{ &iven that the curve passes through the point (2;0)
K d ‘
6. (2°+ 1)% = 27y’ given that z =0 when y = 1
d,
7. ey% =x'e” given that y =0 whenz =0.

8. g—z = xcos’260

d
9. Given that % = (tanx)@ for 0<z < % and y=1 when =0, find an expression for

y in terms of x.

10. One kilogram of stewed beef is placed in a cooler box. It is assumed that the rate of decrease
in temperature of the beef is proportional to @, where 8°C is the temperature of the stewed
beef at time ¢ minutes after being placed in the cooler box.

When ¢t =0, 8 =80°C and after 3 minutes 6 = 40°C .
a) Form a differential equation relating 8 and ¢.

b) Solve the differential equation and find the temperature of the stewed beef after a further
3 minutes.

c) Sketch the graph of temperature against time for this situation.

d
11. Solve the differential equation (4 — x)%y =y, given that y =4 when x =1, expressing y in
terms of x.

12. The rate of spread of falsehoods after their first introduction into the social media is jointly
proportional to the number of individuals who have received the falsehood x, and the number
of individuals who are yet to receive the falsehoods, N —x, where N is the number of subscribers
on the social network.

a) Express this statement as a differential equation relating x and the time ¢ in the case where
a network has 1000 subscribers.

b) Given that one person introduced the falsehoods at ¢t = 0, express z in terms of ¢.

13. Solve the differential equation e’”% =s" given that s =—2 when ¢ =0 expressing s in

terms of ¢.
Given that ¢ is time find the time it takes for s to reduce to half the initial value leaving your

answer in exact form.

14. Water is being pumped into a leaking tank and the tank is filling up at a rate of v — 5 cubic
metres per hour. Initially the tank had 6m? of water. The pump is switched off after pumping




for only 5 hours and the water now leaks at the rate of v — 5 cubic metres per hour.

Form differential equations for the situation and solve them. Find the volume of water in the
tank after a further 5 hours. What is the minimum volume of water in the tank?

Sketch, on the same axes, the graphs of volume against time during and after pumping. Your

graphs must cover at least 10 hours.

15. After administering gibberellic acid to unsprouted potato tubers an agronomist notices that
the number of tubers that sprouted was decreasing at a rate proportional to n per hour, where
n is the number of treated tubers that were yet to sprout. The agronomist had treated 500
tubers and he found out that 250 tubers had not yet sprouted 5 hours after treatment.

Form a differential equation for this situation and solve it. Sketch a graph of n, the number of

tubers yet to sprout, against time ¢.

16. In a chemical reaction in which a compound P is formed from a compound Q, the masses of
P and Q present at time ¢ are  and y respectively. The sum of the masses x and y is 10 and at
any time the rate at which x is increasing is proportional to the product of the two masses at
that time.

a) Show that % = kz(10 —z) where k is a constant.
b) Find the general solution of the differential equation.

Hence, find ¢ correct to 3 significant figures when x =9.9 given that x = 2 when ¢t = 0 and
r=>5 when t=1In2.

17. A girl returning from a milling point is carrying mealie-meal in a cylindrical container. The
container has a hole at the bottom and the mealie-meal trickles out through this hole. It is
estimated that the rate of reduction of mealie-meal is proportional to the mass m of mealie-
meal remaining in the container, so that the situation is modeled by the differential equation

Cii—? =—%m where k is a constant.

Find the general solution of the differential equation and show that it reduces to m = m, e 5"

where m, is the initial mass of the mealie-meal.

The girl takes two hours to walk from the milling point to her home. Given that after one hour,
ten percent of the mealie-meal is lost,

a) calculate the percentage of mealie-meal in the container when she arrives at home.

b) sketch a graph showing the variation of the mass of the mealie-meal during the two-hour
journey.




Important terms used in the chapter

exponential decay, infinity, exponential growth, exponentiating, initial conditions, general
solution, particular solution, integration, constant of proportionality, differential equation, rate

of change




Numerical Methods (@

In Finance, numerical methods are used to find to
calculate the price or interest rate of complicated loans
and other financial products. It is a growing field that
requires high level of mathematical skills. Jobs in this
field pay high level of salaries.




Objectives

By the end of this section the learner should be able to:
distinguish between absolute and relative errors in data,
make estimates of the errors that can arise in calculations involving

d
inexact data including the use of 0y = %8&7,

locate approximately a root of an equation by graphical means or sign
change,
use the idea of a sequence of approximations which converge to the
root,
understand how a given iterative formula of the form z,.. = F(x.)
relates to the equation being solved and use a given iteration to find a
root of the equation,
understand in geometric terms the working of the Newton-Raphson
method and derive and use iterations based on this method,
understand that an iterative method may fail to converge to a required
root,

use the trapezium rule to estimate area under a curve or set bounds
for the area.

Errors

Absolute error is the actual difference between the expected or true value and the estimated
value together with the units of the variable where possible.

Relative error is a fraction or percentage formed by expressing the absolute error as a fraction
of the expected or true value.

Small Changes
d : o :
The result 0y = %533 is used for estimating small changes in z and/or y.
The trigonometric approximations below are used when x is small or when z is near zero.

o 2z -
SINT =T COST = 1_7 tanxr = x

a) Given that y = Jz find the percentage change in y when x increases by 0.5%.

d
Use the first derivative: 9 =5+~ L vE_1 S0 LY
manipulation.

by algebraic




d
Substitute this derivative into the result oy = %y&v and obtain:

0
Sy=+Lor=1. %x Y 4100% = 5.9 x100% by dividing both sides by y.
% 0/ — L 0/ — 0/ 3 :
Then Y x100% = 5 % 0.5% = 0.25% increase in y.
b) The variables x and y are related by the equation y = 11_0 I

Use the first derivative of y with respect to x to find the change in  that results when y
changes from 5 to 5.02

110 __
ﬁx_l 5 - 1.

When y=5 we have 5= T—r

The small change in y is 0.02
10 dy _

Y= T = g = 100 —2)) = 10(- 1)~ 1)1 ~2)* = T

d
Substituting the derivative into the result 0y = @yax yields:

~_ 0
0.021 = A= (1)) Oz

= 0r = 0'02(11_0(_1» = (0.008is the increase in z.

¢) Given that z is small show that
1+sin(5 +2)

cos(% + :z:)

Expanding the numerator we have:

. 2
L xr

~

Z
2

1+ sin(% +:c> =1+ sin%cosx F sinxcos%
=1+cosx+0=1+coszx
2 2
~ L 9 _ X
~1+1 5 5
Expanding the denominator we have:

(l )_ V4 I SV
cos( g +z )= cos 9 COST —sing sinz =—sinz
~—z when z is small. 9

i
279

The fraction now becomes —— T

\GIE
S

ii) (cos’(m —x))(sin’ (7 —z) = 2° when terms in z° and higher are neglected.

\_ J




Expand cos’(7 —z) and sin®(7 — ) first then square the results:

cos( —x) = cosmcosz +sinTsine =— cosz

z z
5%
sin(7r —z) = sinTcosz —sinzcosT = sinz = z
2 4
Squaring we have: cos*(7 —z) = (7 - 1) T—x +1and sin’(7r—z) =2’

Combining the two squares we have:
6

z* x
cos’ (7 —z)sin’ (7 —x) ;x2<1—x2+ 1)=I—$4+x2

x2

Il

iii) tan(%5 +2)= 1f}3;

Expand using the multiple angle formula for tan(A+B):

tan%+ tanx _ J3+z

1- tan%tanx 1-3z

\_ _J

tan(% +x> =

Exercise 5.1

1. Given that x is small such that powers of z higher than 3 can be neglected, simplify as far as

possible:

: ||
sm( 2 —i—x) 2 (b Sin(%+x>cos(%+x) c) Sin(%—l—x)cos(%—x)
1+cos< 58)

a)

2. Given that z is small enough for z’and higher powers to be neglected find the approximate

value of  in the right-angled triangle below in which the angle is given as % -

3. Given that z is small enough for z° and higher powers to be neglected express the area of the

triangle below as a polynomial in z.




4 )
Values of x are: 1 1.4 1.8 2.2 2.6 3.0 byadding 0.4 successively.
Vil off 7 e 2 2.8 3.6 4.4 5.2 6

© V3 V34 /38 /42 /46 /5
Substituting these values of y in the trapezium formula:
f 0 4 [ 2 .6 9 ( 5.2 )]
VT + V3 /5 “\/34 \/ ,/ 46
= 2972
\

Exercise 5.3

0.6
Use the trapezium rule with three equal intervals to estimate fo xe'dx
Evaluate the integral exactly and hence calculate the percentage error in your estimate.
Use the trapezium rule to estimate the integrals as indicated.

2
fo vz’ + 1dr by dividing the area into four equal intervals.

4 2
b) JO 1 f_ e dzr using 5 ordinates. Evaluate the exact integral and find the percentage error in

3.

the estimate. Does the trapezium rule over—state or under—state the true area under the

curve?
9 . .
c) fl logwzdr using 8 equal intervals.

d) fj cotxdx using 4 ordinates. Evaluate the integral and find the percentage error in the
i)
trapezium rule estimate. Deduce whether the trapezium rule over—states or under—states

the area under the curve.

Use the trapezium rule with 4 equal intervals to estimate the value of f

your answer correct to 4 decimal places.

8
Use the trapezium rule with three equal intervals to estimate _[ \/% dr correct to 2
: x

decimal places.

. . 3 8 x .
Differentiate +1+2° and hence evaluate exactly L S+a dr and find the percentage

error in your estimate.

Use the trapezium rule with 5 ordinates to obtain an approximate value of ff Vsinfdf
T




0.2 2
6. Use the trapezium rule with 4 equal intervals to estimate the value of fo cos %dx giving

your answer correct to 4 decimal places.
7. a) Use the trapezium rule with 5 ordinates to evaluate
1 4 .
fo 1+—xde correct to 4 decimal places.
i) By using the substitution z = tan find [ - do
b) i) By using the substitution z = tan® fin N
(ii) hence find correct to 2 decimal places the percentage error in using the trapezium rule
as an approximation to the integral.

8. a) Use the trapezium rule with 4 equal intervals to estimate the value of

T

2 . e .
L cosec’zdr dx giving your answer correct to 3 decimal places.

6

b) Evaluate exactly ff cosec’xdx
3
c) Calculate the percentage error in using the trapezium rule as an approximation to the

integral.

Important terms used in the chapter

trapezium rule, number of intervals, ordinates, overstating, understating, change of sign, Newton-
Raphson Method, small changes, relative error, absolute error, trapezium rule, converge, iterative

formula, sign change, root of an equation




7. Describe the locus represented in each of the following Argand diagrams and state the locus

in algebraic form.




8. Describe the locus represented by the Argand diagram. Give your answer in the form of an

equation or inequality. Use the given points.

a) b)




Examination Practice Papers

Paper 1A

1. Solve the equation 4°+4"" = 34. [3]
2V

2. Find the term independent of z in the expansion of (7 + E) (3]

3. Given that y= -
reduced by 6%. [4]

_1-2
4. The complex number w = 94

use differentiation to estimate the percentage change in y when x is

a) Express w in the form z + iy where z and y are both real numbers and hence sketch the

complex number w in an Argand diagram. 3]
. 3+i _ o
b) Given that atbhi - 1+ find the real number a and b. 2]

The diagram above shows a circle of radius r centred at O. The circle is divided into two sectors
A and Bin such a way that the perimeter of A is twice the perimeter of B. The angle at the centre

of sector B is @ radians.

a) Show that 8 = 2”3_ 2 . [3]

b) Hence express the ratio of area of B to the area of A exactly in terms of 7. 3]

6. a) Express cosf + 2sinfin the form Rsin(6+ @) where R > 0 and « is acute. 2]

b) Hence, or otherwise, solve the equation cos@ + 2sinf =0 for 0° < 8 < 360°. [3]
-1 o

c) Hence sketch the graph of y = cosO+ 250 for values of 6 up to 360°. 2]

7. The position vectors of the points A, B and C are given by




OA=4+j+k OB=2i—2j+3k, OC=—4+2j+4k.

10.

11.

Find
a) angle ABC.
b) the exact distance from A to C.
What can you say about triangle ABC?
The functions f and g are defined by
fix—->Inz,z >0 and g:x—»ﬁ, r#F—1

a) Find fg(z) in its simplest form and state its domain.

b) Describe the geometrical transformations that map f(z) onto fg(z).

c) Find the inverse of fg(z) and state its domain.
=1
z(z’+1)
2
b) Hence find the exact value of fl

1
-

a) Express as a sum of two fractions.

2’ =1
xz(2* + 1)dx.

A curve has equation y = 4z’ +
d

a) Find the value of %y at the instant when z = 1.

b) The rate of change of y with time is 0.7 units per second.

Find the rate of change of x at the instant when =z = 1.

[4]

2]

3]
3]
3]

[5]

3]

2]

c) Find the exact area enclosed between the curve, the z-axis and the lines z = 1 and z = 2.

[4]

a) Find the first term and common ratio of a geometric progression in which the second term

is 1 and the sum to infinity is 4.

[5]

b) In an arithmetic progression of common difference 1 the sum of the first n terms is —55

and the sum of the first 2n terms is —10.

Find n and the first term.

(6]
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75,76

matrix multiplication 11, 32, 33, 42
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(0]

overstating 122, 125

P

parametric equation 56, 82

parametric equations 46, 59, 60, 61

periodic

Permutation 32, 44

Permutation groups 32, 44
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T
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124, 125, 183
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vector product 43, 74, 78, 80, 81, 82
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